We give new formulations of the solutions of the field equations of the affine Toda and conformal affine Toda theories on a cylinder and two-dimensional Minkowski space-time. These solutions are parameterised in terms of initial data and the resulting covariant phase spaces are diffeomorphic to the Hamiltonian ones. We derive the fundamental Poisson brackets of the parameters of the solutions and give the general static solutions for the affine theory. 
Introduction
It has been known for many years that the field equations of certain twodimensional field theories can be solved exactly. Some of these theories are the Wess-Zumino-Witten model, Liouville field theory and and the various versions of Toda field theory. The field equations of these theories are non-linear, partial, hyperbolic differential equations and various discussions of their solutions have been presented in the literature. One method for solving such integrable systems is based on the theory of Lax pairs and this has been extensively studied for Toda systems [1] [2] [3] . These authors solve the field equations on two-dimensional Minkowski spacetime and describe their solutions in terms of functions that depend on the light-cone co-ordinates x ± of the Minkowski space-time. Some difficulties with these solutions are that the ranges of the solution parameters are not clearly specified, and the relation of the parameters to the initial data of these theories is not given.
To deal with the above deficiencies, new parameterisations of solutions of the field equations of the Wess-Zumino-Witten, Liouville, Toda and non-Abelian Toda conformal field theories were given in refs. [4] [5] . These parameterisations have the advantage that the solutions of these theories are explicitly well-defined for all the values of their parameters, the Poisson brackets of their parameters can be directly calculated, and the spaces of these parameters are isomorphic to the spaces of the associated initial data, i.e. the solutions of these theories are parameterised directly in terms of their initial data. This made it possible to give covariant phase space descriptions of these theories which are explicitly diffeomorphic to the Hamiltonian phase space formulations.
A lot of attention has been focused recently on integrable, but not necessarily conformal, two-dimensional field theories. An important class is the affine Toda field theories, which are integrable perturbations of conformal field theories [6] .
These models have a rich algebraic structure, involving exact S-matrices and soliton solutions (see refs. [7] [8] [9] and references therein). The solutions of the classical field equations of these theories were discussed recently in ref. [9] , following the Leznov-Saveliev description.
In this paper, we will give a new formulation of the solutions of affine Toda field theory. This formulation will be along the lines of similar solution space parameterisations given by us for the WZW and Toda-type field theories. In this new parameterisation, the affine Toda solutions are well-defined over all space, which is taken to be a cylinder or two-dimensional Minkowski space-time. The
Poisson brackets of the parameters of the solutions are calculated. An explicit isomorphism is also constructed between the space of initial data and the space of parameters of the solutions of affine Toda field theory. A similar formulation of the solutions of the field equations of the conformal affine Toda field theory is also given. Finally, using our new approach, the general static solution of the affine Toda theory is presented.
The Solutions of Affine Toda Field Theory
Let g be a (semi-) simple Lie algebra and H be a Cartan subalgebra of g. We introduce a Chevalley basis (H i , E α i , E −α i ) in g, where ∆ ≡ {α i , i = 1, . . . , l = rank g} is the set of simple roots, 
(with no summation over j). The matrix K ≡ {K ij } is the Cartan matrix of g,
The symbols Φ + (Φ − ) will denote the sets of positive (negative) roots, respectively, and Φ ≡ Φ + ∪ Φ − is the space of all roots of g. We will also use the symbols L + (g) and L − (g) to denote the sets of step operators for the positive and negative roots respectively. Finally, we normalise the Killing form (·, ·) as
The Lagrangian of affine Toda field theory is
or equivalently in components
where φ is a map from a cylinder S 1 × R to R l (φ ≡ φ i H i ) and κ, M are nonzero coupling constants. The symbol ψ denotes the highest root of g, the integers m i being defined by the relation
The equations of motion following from the Lagrangian (2) are
Letĝ be the affine Lie algebra associated to the Lie algebra g. We denote by a r , r = 0, . . . , l, and Λ r , r = 0, . . . , l the simple roots and the lowest fundamental weights ofĝ respectively. The step operators for the simple roots ofĝ are denoted byÊ a r . The new formulation of the solutions of the affine Toda field equations (3) takes the form
where W is the holonomy of a connection A and φ R is a periodic function on the real line. The components of the connection
where u is a periodic one-form on the real line with values in the Cartan subalgebra
√ m rÊ ±a r and µ, ν are non-zero real constants satisfying the relation M 2 = 2µν. That the expression for φ in equation (4) solves the field equations (3) of affine Toda theory follows from exactly the same argument as that presented in ref. [9] , where the Leznov-Saveliev formulation of the solutions was considered. Our notation follows this reference. We will not repeat this argument
here. The periodicity of the solution φ in (4) follows from the periodicity of its independent parameters u and φ R . The space of independent parameters of the solutions is diffeomorphic to T * LR l , i.e the cotangent bundle of the loop space of R l . Note that the solutions of the affine Toda field theory on two-dimensional Minkowski space-time are also given by equation (4) . The only difference in this case is that the independent parameters u and φ R of the solutions are functions on the real line which are not necessarily periodic.
The Lagrangian symplectic form of the affine Toda theory is
evaluated at t = 0, where the map φ in eqn. (6) satisfies the affine Toda field equations of motion (4) . To express Ω in terms of the independent parameters of the solutions, we insert the Toda solution (4) into the form Ω, giving
where u i = − < λ i |u|λ i > and {λ i ; i = 1, . . . , l} is the set of fundamental lowest weights of g. The Poisson brackets are easily obtained from eqn. (7), and are
Note that these brackets are the Poisson brackets on the cotangent bundle of the loop space of R l .
The space of initial data of affine Toda field theory is the space of affine Toda fields φ, at t = 0, and their time derivatives ∂φ i ∂t at t = 0, and it can be equipped with the symplectic form induced from eqn. (6) . It is straightforward to see that the Hamiltonian phase space of affine Toda field theory is isomorphic as symplectic manifold to the space of initial data of this theory. There is also an isomorphism between the space of initial data of affine Toda field theory and the space of parameters of the solutions (4) of the field equations (3). From the solutions (4) of affine Toda theory, we find immediately that the map between the initial data
∂t (x, 0) and our covariant phase space parameters
This map is clearly a diffeomorphism. Moreover it is a symplectic diffeomorphism from the space of initial data to the space of parameters of the solutions of the affine Toda theory because, as it is easy to show, it maps the symplectic form (4) to the form Ω =
. Finally, we can use the same argument as in the case of Toda theory of ref. [5] to prove that the solutions (4) of the affine Toda field theory are real and well-defined for all the values of the parameters φ R and u.
The Conformal Affine Toda Field Theory
Let d ≡ −L 0 be the derivation associated with the affine Lie Algebraĝ. We denote by k the central charge generator and extend the inner product (·, ·) from
The Lagrangian of conformal affine Toda field theory is [10]
where Φ is a map from a cylinder S 1 × R to H 0 ,∆ ≡ {a r ; r = 0, . . . , l} is the set of simple roots of the affine Lie algebraĝ, the positive integers {m r ; r > 0} are defined as in the previous section, m 0 = 1, and κ and M are real, non-zero coupling constants. The pairs (x, t) : 0 ≤ x < 1, −∞ < t < ∞ are the co-ordinates of S 1 × R and
The field equations of conformal affine Toda theory following from the Lagrangian (10) are
It is known that the above field equation can be truncated to the field equation of affine Toda field theory [10] . To do this, we rewrite the field Φ in the basis
where h is the Coxeter number of g and θ = l i=1 λ i |α i | 2 , we identify the affine Toda field with the first component φ of Φ, and set the fields η and ξ to zero.
The solutions of the field equations (11) of conformal affine Toda field theory
where W is the holonomy of a connection A, Φ R is a map from the real line into H 0 , {η R , b} are maps from the real line into the real line R and {Λ r ; r = 0, . . . , rankg} are the lowest fundamental weights of the affine Lie algebraĝ. Note that η in eqn.
(13) is a free field, i.e. satisfies ∂ + ∂ − η = 0. The addition of the equation for η in (13) is necessary because the lowest fundamental weights Λ r span a subspace of H 0 of co-dimension one. The components of the connection A ≡ A 0 + A >0 + A <0 in equation (13) are
where u is a periodic map from the real line into H 0 . The independent parameters of the solutions of the conformal affine Toda field theory are {u r ≡ − Λ r u Λ r ; r = 0, . . . , l}, {Φ r R ≡ −Λ r (Φ R ); r = 0, . . . , l}, b, and η R , and the space of independent parameters is diffeomorphic to T * LH 0 . Note the difference in the definitions of u r and Φ r R . The periodicity of the solutions Φ of the conformal affine Toda theory in the co-ordinate x follows from the periodicity of the independent parameters u r , b, Φ r R and η R . If we consider the conformal affine Toda field theory on twodimensional Minkowski space-time, rather than on the cylinder, then the solutions of this theory are still given by equation (13), but in this case the independent parameters of the solutions are functions on the real line which are not necessarily periodic.
The Lagrangian symplectic form of the conformal affine Toda theory is
evaluated at t = 0, where the map Φ in eqn. (6) satisfies the field equations (11) of conformal affine Toda theory. To express the symplectic form Ω in terms of the free parameters u r , Φ r R , b and η R of the solutions (13), we insert these solutions into Ω, giving The symplectic form (16) can be inverted to calculate the Poisson brackets of the theory. We find them to be
These Poisson brackets can be written in a form similar to that obtaining for the affine Toda theory of the previous section, by defining χ R ≡ (ϕ R , π R ) and z ≡ (ũ,b).
Expressing the above Poisson brackets in terms of χ R and z, we get
where the matrixĈ ≡ C ⊕ D is the inner product (·, ·) of G 0 restricted on H 0 and evaluated in the basis {H i , k, d} of H 0 , and I, J = 1, . . . , dimH 0 . It can be shown as in the Toda case that the space of independent parameters of the solutions (13) of the field equations of the conformal affine Toda field theory is isomorphic as a symplectic manifold to the space of initial data of this theory, and that the solutions of this theory are real and well-defined for all the values of these parameters.
Affine Toda Particles and Static Solutions
The static solutions of the field equations of affine Toda field theory are those that are independent of the time co-ordinate t of the space-time. The static solutions of affine Toda field theory obey the ordinary differential equation
which follows from setting ∂ t φ = 0 in the field equation of affine Toda field theory (3) . One way to find the solutions of this equation is to use the formula (4) for all solutions of affine Toda field theory, and find which solutions are independent of t.
However, this turns out to be a rather complicated algebraic problem. Instead, it is easier to solve equation (19) directly by comparing it with the equation of the affine Toda particle, which is
The solutions of equation (20) are those of equation (4) with the parameters φ R and u constant. These are the most general solutions of this equation and the space of parameters of the solutions is isomorphic as a symplectic manifold to the cotangent bundle of R l .
Next observe that if we transform t → x and M 2 → −M 2 in equation (20), it becomes equation (19). To solve equation (19), we must find a way to change the overall sign of the potential term in equation (20). But we know that M 2 = 2µν, so this can be achieved by setting either µ → −µ or ν → −ν in the definition of the components of the connection A in equation (5) . Choosing the former, we deduce that the solutions of equation (19) 
where φ R is a constant parameter and the components ofÂ (Â ≡Â 0 +Â <0 +Â >0 ) areÂ 0 = κu, u ∈ Ĥ A <0 = −µÊ −1 , A >0 = ν exp(κφ R )Ê 1 exp(−κφ R ).
(22)
Note the sign difference in the definitions ofÂ <0 (eqn. (22)) and A <0 (eqn. (5)).
The independent parameters of the solutions (21) are φ R and u and the space of parameters is diffeomorphic to the cotangent bundle of R l . Although there is a natural symplectic structure on this space, it is not the one induced by the symplectic structure on the space of all solutions of the affine Toda field theory studied in section two.
